ABSTRACT This paper studies the reverse group consensus problem for second-order multi-agent systems with delayed nonlinear dynamics and intermittent communication in the cooperation-competition networks. It is assumed that each agent is assumed to share information only with its neighbors on some disconnected time intervals, a new kind of adaptive intermittent control protocol is proposed without in-degree balance condition, the results show the reverse group consensus can be achieved if the mirror graph is connected, and the communication time duration is larger than their corresponding threshold values, respectively. Finally, the two simulation examples are provided to demonstrate the effectiveness of the obtained theoretical results.
I. INTRODUCTION
Over the past few years, the consensus problem of multiagent systems has attracted much attention and emerged as a challenging research field, due to its broad applications in wireless sensor networks, formation control of mobile robots and unmanned air vehicle formations etc. The main objective is to design an appropriate algorithm by local communication information such that a group of autonomous agents can reach an agreement, many profound and meaning results have been established [1] - [8] .
In most existing literatures, the dynamics of the agent is described by first-order system [1] , [2] . In fact, in many engineering systems, the mobile agents are governed by both position and velocity states [3] - [5] . In [4] , secondorder consensus problem has been investigated in directed networks, the result shows the real and imaginary parts of the Laplacian matrix's eigenvalues play key roles in reaching consensus. The above results have been extended to multi-agent systems with sampled position data. Some dynamic equation is transformed into a reduced-order system by a double-tree-form transformation. In [13] , by using pinning control, cluster synchronization problem has been studied for nonlinearly coupled delayed networks, the related results have been extended to cluster synchronization of undirected complex dynamical networks by a novel decentralized adaptive pinning control [14] . In [15] , some cluster synchronization criteria have been proposed for a class of stochastic complex networks with probabilistic interval timevarying delays, where the dynamics of the nodes can be switched by two nonlinear functions according to the given probability distribution. In [16] , the cluster synchronization problem is investigated for partial-state coupled linear systems in directed networks, it is shown that a feasible feedback controller can be designed to achieve the exponential cluster synchronization. It should be noted that almost all the results are based on the cooperation networks, which the weights between agents are assumed to be non-negative. However, the competition relationship between agents is always inevitable due to the limited resources [17] . Thus it is more practical to investigate the consensus problem in cooperation-competition network, for example, in [16] , [18] , [19] , the weights between different sub-networks satisfy the in-degree balance condition, that is the sum of adjacent weights from every agent in one sub-network to all agents in the other sub-network should be equal to zero, which limits the application scope. The in-degree balance condition has been removed in [19] , but the weights between different sub-networks are non-negative. Recently, some interesting results have been given in cooperation-competition network [21] - [23] . In [21] , by establishing a comparison system, several effective sufficient conditions have be obtained for second-order consensus in the cooperationcompetition network by impulsive control approach, where the elements in the weight matrix of the coupling graph can be either positive or negative, the above results have been extended to second-order consensus for heterogeneous multi-agent systems in the cooperation-competition network by a hybrid adaptive and pinning control approach [22] . Especially, in [23] , the reverse group consensus is firstly studied without in-degree balance condition in the cooperation-competition network, it is proven that the couplegroup consensus can be achieved if the mirror graph is strongly connected. The reverse group consensus is referred as bipartite consensus [24] , where bipartite consensus has been studied by the characteristic of signed graph, the result shows the bipartite consensus can be achieved if the signed graph is structurally balanced, the related results can be extended to interval bipartite consensus [25] . In [26] , the bipartite leader-following synchronization has been investigated for a class of delayed neural networks, some conditions are established by the property of M-matrix and pinning control strategy. The bipartite consensus problems are also discussed for linear multi-agent systems [27] , [28] , if the gain matrix and the control parameters can be suitably constructed, the bipartite tracking consensus can be achieved in [27] . As an extension, the consensus problem is studied for general linear multi-agent systems with antagonistic interactions and communication noises [28] . Recently, bipartite consensus has also been studied under some communication constraints, for example, with communication delays [29] , [30] and with quantization [31] . Based on the relative position measurements, the impulse bipartite consensus problem is investigated for networked harmonic oscillators [32] .
Motivated by the aforementioned discussion, this paper is devoted to investigate the reverse group consensus of second-order multi-agent systems with delayed nonlinear dynamics and communication constrains in the cooperationcompetition networks. The main contributions of this paper can be summarized as follows: (1) The reverse group consensus problem is investigated in the cooperation-competition networks with delayed nonlinear dynamics and intermittent communication. ( 2)The whole network is divided into two sub-networks, the agents are cooperative in the same subnetwork, while the agents are competitive in different subnetworks. ( 3) The in-degree balance condition is removed, the reverse group consensus can be reached if the communication measure is larger than a threshold value and the mirror graph of the cooperation-competition networks is connected. (4) It is not necessary that the sub-network topology is connected, which means the competition relationship plays a positive role to achieve the reverse group consensus. (5) The relationships of the communication rate and the convergence speed are provided, which may help some qualitative or quantitative analysis.
The remainder of this paper is organized as follows. In section 2, some preliminaries and model formulation are given. In section 3, main results are presented. Numerical simulations are provided to verify the theoretical results in section 4. Some conclusions and future works are presented in Section 5.
Notation: R n denotes the n-dimensional Euclidean space and R n×m is a set of real n×m matrices. The diag{· · · } stands for a block-diagonal matrix. The superscript 'T ' stands for matrix transposition. I n denotes n × n identity matrix, and 1 n (0 n ) indicate the n-dimensional column vector with each entry being 1(0). Notations . and ⊗ denote the Euclidian norm and the Kronecker product, respectively. Suppose that matrix M ∈ R n×n is a real symmetric matrix, λ i (M ) (i = 1, 2, . . . , n) is the ith eigenvalue. λ max (M ) is the maximum eigenvalue.
II. PROBLEM FORMULATION AND PRELIMINARIES
Let g = (v, ε, A) be a weighted network with the set of nodes v = (v 1 , v 2 , . . . , v N ) and the set of edges ε ⊆ v × v. The weighted adjacency matrix A = (a ij ) N ×N of g representing the communication topology, which is defined as a ij > 0 if nodes i and j have information communication in the same sub-network, a ij < 0 if nodes i and j have information communication in the different sub-networks, and a ij = 0 if nodes i and j have no information communication, then the neighbor set of node i can be divided into two parts, that is 71096 VOLUME 7, 2019 N i = {v j |a ij > 0} ∪ {v j |a ij < 0} denoted by N i + and N i − representing the cooperation and competition neighbors of v i , respectively. The new graphḡ = (v,ε,Ā) is called the mirror graph of g = (v, ε, A) if the same vertex set with g, the weight of the edge (v j , v i ) inḡ is defined as |a ij |. It can be seen that the mirror graph is the cooperation network due to non-negative weight. In this paper, we suppose that the topology g of the network is undirected.
Consider a class of second-order multi-agent systems with delayed nonlinear dynamics as follows
where x i (t) ∈ R q and v i (t) ∈ R q represent the position state vector and the velocity state vector of the ith agent, respectively. f (·, ·) ∈ R q and g(·, ·) ∈ R q are two vectorvalued nonlinear function representing the inherent dynamics of agent i. τ > 0 is time delay. u i (t) ∈ R q is control input to be designed.
Remark 1:
It is assumed that the whole networks are divided into two sub-networks g 1 and g 2 , without loss of generality, the first n agents belong to sub-network g 1 denoted I 1 = {1, 2, . . . , n}, the rest m agents belong to sub-network g 2 denoted I 2 = {n+1, n+2, . . . , n+m}, the agents are cooperative in the same sub-network, the agents are competitive in different sub-networks.
Before moving on, the following definition, lemma and assumption are provided to derive the main results.
Definition 1: For the cooperation-competition networks g with two sub-networks g 1 and g 2 , the reverse group secondorder consensus can be achieved for multi-agent systems (1), if for any initial states, its solution satisfies
Remark 2:
If agent i and agent j are in the same subnetwork, their states will convergence to the same state, the consensus is achieved, which has been studied in many references. When agent i and agent j are in the different subnetworks, we have rewritten lim t→∞ x i (t) + x j (t) = 0 and lim In some real situations, some agents may only transfer or receive information from their neighbors intermittently, thus only partly communication information can be utilized to design the control protocol. In addition, in order to overcome the drawback to take too large control gains, the adaptive control approach is adopted. Motivated by the above observation, the intermittent consensus protocol is proposed as follows
where α > 0 and β > 0 are two positive constants and represent the coupling strengths, c(t) is time-varying distributed control gain, its updating law can be given later. T > 0 is the control period, 0 < δ < T denotes the control width.
[kT , kT +δ), (k ∈ N) represents time interval over which each agent could interact with its neighbors, [kT + δ, (k + 1)T ), (k ∈ N) represents time interval over which all agents lose contact with its neighboring agents.
, all agents lose contact with their neighboring agents completely, no any communication information can be used to design the control protocol, here we take u i (t) = 0, that is each agent evolves according to their own dynamics. Due to the fact that a ij (
, thus the competition relationship is defined as agent j competes against agent i if and only if the inverse of agent j cooperates with agent i.
The consensus protocol (2) can be transformed into the following compact form
where
and L 1 and L 2 are the Laplacian matrices of sub-networks g 1 and g 2 , respectively.
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By using the Kronecker product, substituting (3) into (1), we can obtain
Assumption 1: There exists some positive constants ρ fi and ρ gi (i = 1, 2), for any x 1 , y 1 , x 2 , y 2 ∈ R q , such that the nonlinear odd functions f (·, ·) and g(·, ·) satisfy the following conditions
Lemma 1 [23] :
represents a cooperation-competition network g with two subnetworks g 1 and g 2 , then the following statements hold (i) All of the nonzero eigenvalues of L are positive.
(ii) Matrix L has a zero eigenvalue with the eigenvector
If the mirror graphḡ of the cooperation-competition network g is connected, then zero is a simple eigenvalue of L.
Proof: Similar to [23] , the above results can be derived, the proof is omitted to save space.
Lemma 2 (Halanay Inequality [34] ):
Then, we have
y(s), r is the unique solution of −r = −c 1 + c 2 e rτ . Lemma 3 [35] : Suppose that the non-negative function
where c 1 and c 2 are two positive constants,
Lemma 4 [36] : The following linear matrix inequality
where S 11 = S T 11 , S 12 = S T 21 , S 22 = S T 22 is appropriate dimensions, the following matrix inequalities hold
Lemma 5 [37] : For matrices A,B,C and D with appropriate dimension, the following equalities hold
where r is a constant.
III. MAIN RESULT
In this section, the reverse group consensus problem has considered for second-order multi-agent systems in the cooperation-competition networks, some reverse group consensus criteria are derived by the intermittent adaptive control method.
To derive the main results, the following notations are introduced
(i ∈ I 1 ).
(i ∈ I 2 ). Remark 4: Ifx
x j (t)) and
, then the reverse group consensus can be achieved based on Definition 1.
Let (9)- (12) can be rewritten aŝ
where (4) and (15), one haṡ
When t ∈ [kT , kT + δ), we havė
By using Lemma 1, we have π L = 0, then
Similar to (18) , one has
Substituting (18)- (19) into (17), we can obtaiṅ
The error dynamical system can be obtained from (16) and (20) as follows
Let
It can be known from Remark 4 that the reverse consensus problem in system (1) can be transformed into the asymptotic stability problem of system (22) .
Theorem 1: Suppose that Assumption 1 holds, the mirror graphḡ of the cooperation-competition network g is connected, let τ ≤ min{δ, T − δ}, then the reverse group consensus can be achieved in system (1) under the adaptive intermittent consensus protocol (3) and the following updated lawċ
if the following conditions hold
,
and r is the unique positive solution of −r = −a 1 + b 1 e rτ .
In addition, it can be derived that
Proof: Construct the following Lyapunov function candidate
and c * is an undetermined positive constant.
According to schur complement and condition (24), we have Q > 0, which means V 1 (t) ≥ 0. In addition, it is easy to derive that V 2 (t) ≥ 0, thus one has V (t) ≥ 0 and V (t) = 0 if and only if ξ (t) = 0.
(1) For t ∈ [kT , kT + δ) with arbitrarily given k ∈ N, taking the derivative of V (t) with respect to time t along the trajectories (22) , one haṡ
and
t))(F(x(t), v(t))
+ G(x(t − τ ), v(t − τ ))) − 1 n + m (αx T (t) + βv T (t))(π T ⊗ π ⊗ I q ) × (F(x(t), v(t)) + G(x(t − τ ), v(t − τ ))) = (αx T (t) + βv T (
t))(F(x(t), v(t)) − F(x(t),v(t))
+ G(x(t − τ ), v(t − τ )) − G(x(t − τ ),v(t − τ ))) + (αx T (t) + βv T (t))F(x(t),v(t)) + (αx T (t) + βv T (t))G(x(t − τ,v(t − τ )) − 1 n + m (αx T (t) + βv T (t))(π T ⊗ π ⊗ I q ) × (F(x(t), v(t)) + G(x(t − τ ), v(t − τ ))),(29)wherex (t) = 1 n + m (π ⊗ I q )x(t), v(t) = 1 n + m (π ⊗ I q )v(t),
F(x(t),v(t))
= [1 T n ⊗ f T ( 1 n + m (π ⊗ I q )x(t), 1 n + m (π ⊗ I q )v(t)), 1 T m ⊗ f T (− 1 n + m (π ⊗ I q )x(t), − 1 n + m (π ⊗ I q )v(t))] T , G(x(t − τ ),v(t − τ )) = [1 T n ⊗ g T ( 1 n + m (π ⊗ I q )x(t − τ ), 1 n + m (π ⊗ I q )v(t − τ )), 1 T m ⊗ g T (− 1 n + m (π ⊗ I q )x(t − τ ), − 1 n + m (π ⊗ I q )v(t − τ ))] T .
Sincex(t) = ( ⊗ I q )x(t),v(t) = ( ⊗ I q )v(t), by using Assumption 1, one gets (αx T (t) + βv T (t))F(x(t),v(t))

= αx T (t)F(x(t),v(t)) + βv T (t)F(x(t),v(t))
Similar to (30), we have
Owing to the fact
Substituting (29)- (32) into (28), using Assumption 1, we have
t))(F(x(t), v(t)) − F(x(t),v(t))
+ G(x(t − τ ), v(t − τ )) − G(x(t − τ ),v(t − τ ))) = αx T (
t)[F(x(t), v(t)) − F(x(t),v(t))]
+ βv T (t)[F(x(t), v(t)) − F(x(t),v(t))]
+ αx T (t)[G(x(t − τ ), v(t − τ )) − G(x(t − τ ),v(t − τ ))] + βv T (t)[G(x(t − τ ), v(t − τ )) − G(x(t − τ ),v(t − τ ))] ≤ 1 2 αx T (t)x(t) + 1 2 βv T (t)v(t) + 1 2 α F
(x(t), v(t)) − F(x(t),v(t))
2 + 1 2 β
F(x(t), v(t)) − F(x(t),v(t))
Substituting (33) into (28), we can obtaiṅ
Taking the time derivative V 2 (t) along the system (22), we havė
Combining (34) and (35), one haṡ
Let c * = 1, it can be derived from (36) thaṫ
According to the definition of V 1 (t), one has
From (37) and (38), we can obtaiṅ
(2) For t ∈ [kT + δ, (k + 1)T ) with arbitrarily given k ∈ N, taking the time derivative V (t) along the trajectories of (22), we havė
From the definition of V 1 (t), we have
Combining (41) and (42), we havė
.
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When t ∈ [0, δ), according to Lemma 2 and (39), we can obtain
where r is the positive solution of −r = −a 1 + b 1 e rτ . When t ∈ [δ, T ), according to Lemma 3 and (43), one has
As V (t) is a continuous function, then
Next, we will prove that
holds for any positive integer m. Suppose that the inequality (47) holds when m = k, next we will prove (47) holds for m = k + 1.
thus (47) holds for any positive integer m. For any t > 0, there exists a positive integer k 0 , such that
When t ∈ [k 0 T + δ, (k 0 + 1)T ), we can obtain
Then for any t > 0, one gets
Since ξ (t) ≤
2V (t)
λ min Q , considering (51), we have
which means lim t→∞ ξ (t) = 0, thus the reverse group consensus can be achieved in system (1). In addition, it is easy to derive that 1, 2, . . . , n) , and
Remark 5: In [23] , the reverse group consensus of multi-agent systems has been studied in the cooperationcompetition network, where the input of ith agent r i (t) has been introduced in the system, the condition
r j (t) is necessary for achieving the reverse group consensus. In this paper, the above condition is removed, time delay and communication constraint are also considered.
Remark 6:
The reverse group consensus problem is solved if the communication measure is larger than a threshold value and the mirror graph is connected. Different from [16] , [18] , [19] , the in-degree balance condition is removed, it is not necessary that the sub-network topology is connected, which means the competition relation plays a positive role to achieve the reverse group consensus. In fact, the above results can be extended to the directed graph, if its mirror graph is strongly connected or even contains a directed spanning tree, which will be considered in future work.
Remark 7: In Theorem 1, the exponential convergence rate can be rewritten as follows
Based on the above equation, for given nonlinear dynamics and the communication topology, to enhance the convergence rate, we may enlarge the communication rate δ T or reduce time delay τ , which increase the cost of information transmission, therefore a trade-off has been made between the convergence rate and the control cost.
When f (·, ·) = g(·, ·) = 0, second-order multi-agent systems with delayed nonlinear dynamics will degenerate into the following second-order multi-agent systems with integrator-type dynamics
(53) VOLUME 7, 2019 Similar to the above method, we can obtain the following error systeṁ
where ξ (t), B 1 and B 2 are given in (22) . Theorem 2: Suppose that the mirror graphḡ of the cooperation-competition network g is connected, then the reverse group consensus can be reached in system (53) under the adaptive intermittent consensus protocol (3) and the following updated laẇ
where c * is an undetermined positive constant.
(1) For t ∈ [kT , kT + δ) with arbitrarily given k ∈ N, taking the derivative of V (t) with respect to time t along the trajectories (54), one haṡ
Let c * = 1, it can be derived from (58) thaṫ
with arbitrarily given k ∈ N, taking the derivative of V (t) with respect to time t along the trajectories (54), one haṡ
. Based on the above analysis, for t ∈ [0, T ), it follows from (59) and (60) that
, it can be seen that > 0 from (56). By recursion, for any positive integer k, we have
For arbitrary t > 0, there exists a positive integer p such that (p + 1)T ≤ t ≤ (p + 2)T , it follows that
Since
where x j (t)), (1), then we have
= diag{I n , −I m }, then we can obtaiṅ
, it should be noted thatL is the Laplacian matrix of the mirror graphḡ, thus the reverse consensus problem in system (65) is transformed to the consensus problem in cooperation network (66)-(67). Moreover the mirror graphḡ is connected, if 1, 2, . . . , n, n + 1, . . . , n + m), which can be found in [4] . By usingx(t) = ( ⊗ I q )x(t) and v(t) = ( ⊗ I q )v(t), we can obtaiñ
From (68), one has
Similar to (70), we have
It can be derived from (70) and (71) that
In this paper, the cooperation-competition network can be divided into two sub-networks, if the number of sub-networks are larger than two, without loss of generality, it is assumed that the cooperation-competition network is composed of k(k > 2) sub-networks, then L is given as follows
∈ R n i ×n j , which represents the information communication form the jth sub-network to the ith sub-network.
IV. NUMERICAL EXAMPLES
In this section, two simulation examples are provided to demonstrate the effectiveness of the proposed approach. To simplify, it is assumed that the communication topology is the same in two examples, which is shown in Figure 1 , the solid lines represent cooperation relationship between agents, which the dotted lines represent competition relationship between agents. According to Figure 1 , it is easily to see that the mirror graphḡ is connected, take a ij = 1 for j ∈ N i + and a ij = −1 for j ∈ N i − . The cooperation-competition network g can be divided into two sub-networks I 1 = {1, 2, 3, 4} and I 2 = {5, 6, 7}, the agents are cooperative in the same subnetwork (I 1 or I 2 ), the agents are competitive between subnetworks I 1 and I 2 . It should be noted that the topologies of two sub-networks I 1 and I 2 are not connected, it can be shown that the consensus can be achieved by the following simulation. where f (·, ·) = g(·, ·) = 0.01sin(2x i (t)) + 0.01sin(4v i (t)). it is easy to verify f (·, ·) and g(·, ·) are two odd functions, by using Assumption 1, we can obtain ρ f 1 = ρ g1 = 0.02 and ρ f 2 = ρ g2 = 0.04. Select T = 0.5, τ = 0.01 and α = β = 3, by Theorem 1, one gets δ > 0.4991, in simulation, taking δ = 0.4992, then the curves of x i (t) and v i (t) (i = 1, 2, . . . , 7) in the cooperation-competition networks are presented in Figure 2 and Figure 3 , it can be seen that the group consensus is achieved, which quickly converges to the steady value, the simulation demonstrate our results very well.
Example 2: Suppose that the dynamics of nonlinear multiagent systems and communication topologies are the same with Example 1. Take α = β = 3, a 0 = 1 and T = 0.5. By Theorem 2, we can obtain δ > 0.4914, taking δ = 0.4915, the trajectories of x i (t) and v i (t) (i = 1, 2, . . . , 7) are shown in Figure 4 and Figure 5 , which can be seen that the reverse group consensus is achieved, the simulation has confirmed the effectiveness of our theoretical results.
Remark 10: It should be noted that topologies of two sub-networks are not connected, but the consensus can be achieved in two sub-networks, respectively. Therefore, the competition relationship plays a positive role for consensus owing to the competition relationship indirectly increasing the chance of information communication between the agents in the same sub-network without information communication.
V. CONCLUSIONS
The paper has investigated the reverse group consensus problem for a class of second-order multi-agent systems with delayed nonlinear dynamics and intermittent communication in the cooperation-competition networks, the whole networks can be divided into two sub-networks, and weights between the agents in the same sub-network are positive, while the weights between the agents among different sub-networks are negative. Each agent can share information only with its neighbors on some disconnected time intervals. A new kind of adaptive intermittent control protocol is proposed without indegree balance condition. It has been proven that the reverse group consensus can be achieved if the communication measure is larger than a threshold value and the mirror graph is connected. It should be emphasized that the sub-network topology is not required to be connected, which means that competition relationship plays a positive role for the reverse group consensus. The related results can be extended to the directed graph if its mirror graph is strongly connected or contains a directed spanning tree, which will be considered in future works.
